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1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ äâóìåðíàÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êîýô-
ôèöèåíòà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Èçâåñòíî, ÷òî äëÿ ðå-
øåíèÿ òàêîãî ðîäà îáðàòíîé çàäà÷è èñïîëüçóåòñÿ äâóìåðíûé ìåòîä
Ãåëüôàíäà-Ëåâèòàíà äëÿ íàõîæäåíèÿ êîýôôèöèåíòà. Äâóìåðíîå óðàâíå-
íèå Ãåëüôàíäà-Ëåâèòàíà èìååò âèä äâóìåðíîãî èíòåãðàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà ïåðâîãî ðîäà. Ïðè ðàçðàáîòêå ìåòîäîâ ðåøåíèÿ çàäà÷ èñïîëü-
çóþòñÿ èäåè èòåðàòèâíîé ðåãóëÿðèçàöèè [1].

Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü ñòðóêòóðíûå îáðàòíûå çàäà÷è
ãðàâèìåòðèè [2], êîòîðûå ñâîäÿòñÿ ê ðåøåíèþ äâóìåðíûõ èíòåãðàëüíûõ
óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà. Óðàâíåíèÿ ãðàâèìåòðèè è ìàãíè-
òîìåòðèè ÿâëÿþòñÿ ñóùåñòâåííî íåêîððåêòíûìè çàäà÷àìè, ðåøåíèå êîòî-
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ïîëó÷åííûõ â ðåçóëüòàòå èçìåðåíèé è ïðåäâàðèòåëüíîé îáðàáîòêè ãåîôè-
çè÷åñêèõ äàííûõ.

Äëÿ ðåøåíèÿ äâóìåðíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è ãèïåðáîëè-
÷åñêîãî òèïà ïðåäëîæåíû è ÷èñëåííî ðåàëèçîâàíû ïàðàëëåëüíûå ïðÿìûå
è èòåðàöèîííûå àëãîðèòìû. Ðåøåíû çàäà÷è ñ äàííûìè è ïðîâåäåí àíàëèç
ýôôåêòèâíîñòè è óñêîðåíèÿ ïàðàëëåëüíûõ àëãîðèòìîâ.

2. Ïàðàëëåëüíûå àëãîðèòìû ðåøåíèÿ äâóìåðíîé êîýôôèöèåíò-

íîé îáðàòíîé çàäà÷è ãèïåðáîëè÷åñêîãî òèïà

Ðàññìîòðèì ñëåäóþùåå ñåìåéñòâî ïðÿìûõ çàäà÷ [3]:

u
(k)
tt = u(k)xx + u(k)yy + q(x, y)u(k), x > 0, y ∈ [−π, π], t ∈ R, k ∈ Z, (1)

u(k)|t=0 = 0, u
(k)
t |t=0 = h(y)δ(x), (2)

u(k)|y=π = u(k)|y=−π. (3)

Ïðåäïîëàãàåì, ÷òî ñëåä ðåøåíèÿ ïðÿìîé çàäà÷è (1)�(3) ñóùåñòâóåò è
ìîæåò áûòü èçìåðåí. Â îáðàòíîé çàäà÷å òðåáóåòñÿ âîññòàíîâèòü íåïðåðûâ-
íóþ ôóíêöèþ q(x, y) ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé
çàäà÷è (1)�(3):

u(k)(0, y, t) = f (k)(y, t), y ∈ [−π, π], t > 0, k ∈ Z, (4)

ãäå R � ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, Z � ìíîæåñòâî âñåõ öåëûõ ÷èñåë,
δ � äåëüòà-ôóíêöèÿ Äèðàêà, k � íåêîòîðîå ôèêñèðîâàííîå öåëîå ÷èñëî,
h(y) = eiky. Îáîáùåííîå ðåøåíèå ïðÿìîé çàäà÷è (1)�(3) ÿâëÿåòñÿ êóñî÷íî-
íåïðåðûâíûì ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

u(k)(x, y, t) =
h(y)

2
θ(t− |x|)− 1

2

∫
∆(x,y,t)

∫
q(ξ, y)u(k)(ξ, y, τ)dξdτ. (5)

Çäåñü θ(t) òýòà � ôóíêöèÿ Õýâèñàéäà. Òàê æå èçâåñòíî, ÷òî

u(k)(x, y, |x|) = h(y)

2
. (6)
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Òàêèì îáðàçîì, äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è â êëàññå îáîáùåííûõ
ôóíêöèé èìååì çàäà÷ó Ãóðñà (1), (6), ðåøåíèå êîòîðîé îïðåäåëÿåò êëàñ-
ñè÷åñêîå ðåøåíèå çàäà÷è (1)�(3) [3]. Ââîäèòñÿ ïîñëåäîâàòåëüíîñòü âñïîìî-
ãàòåëüíûõ ïðÿìûõ çàäà÷ [3]:

ω
(m)
tt = ω(m)

xx + ω(m)
yy + q(x, y)ω(m), x > 0, y ∈ [−π, π], t ∈ R, m ∈ Z, (7)

ω(m)(0, y, t) = eimyδ(t),
∂ω(m)

∂x
(0, y, t) = 0, (8)

u(m)|y=π = u(m)|y=−π. (9)

Çàäà÷à Êîøè (7)�(9) ñ äàííûìè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè íå
ÿâëÿåòñÿ êîððåêòíî-ïîñòàâëåííîé â êëàññå ôóíêöèé êîíå÷íîé ãëàäêîñòè.
Îäíàêî, âîçìîæíî äîêàçàòü îäíîçíà÷íóþ ðàçðåøèìîñòü îáðàòíîé çàäà÷è,
èñïîëüçóÿ ïîäõîä Ë. Ãèðåíáåðãà, Ë. Îâñÿííèêîâà.

Ðåøåíèå çàäà÷è (7)�(9) ïî ôîðìóëå Äàëàìáåðà èìååò ñëåäóþùèé âèä:

ω(m)(x, y, t) =
1

2
eimy[δ(x+ t)+ δ(x− t)]+

1

2

∫
∆(x,y,t)

∫
q(ξ, y)ω(ξ, y, τ)dξdτ, (10)

ãäå

∆(x, y, t) = {(ξ, y, τ) : 0 < ξ ≤ x, t− x+ ξ < τ < t+ x− ξ}

� òðåóãîëüíèê, îáðàçîâàííûé õàðàêòåðèñòèêàìè, ïðîõîäÿùèìè ÷åðåç òî÷-
êó (x, y, t), è îñüþ t.

Íåòðóäíî ïîêàçàòü, ÷òî

ω(m)(x, y, t) ≡ 0, 0 < x <≡ |t|. (11)

Ïîýòîìó ôàêòè÷åñêîé îáëàñòüþ èíòåãðèðîâàíèÿ â óðàâíåíèè (10) äëÿ òî-
÷åê (x, y, t) ∈ D = {(x, y, t) : x ≥ |t|} áóäóò ïðÿìîóãîëüíèêè ∆(x, y, t) ∈
D = {(x, y, t) : |τ | ≤ ξ ≤ x − |t − τ |}, îáðàçîâàííûå õàðàêòåðèñòèêàìè,
âûõîäÿùèìè èç òî÷åê (0, y, 0), (x, y, t).

Îáîçíà÷èì

ω̃(m)(x, y, t) = ω(m)(x, y, t)− 1

2
eimy[δ(x− t) + δ(x+ t)]. (12)
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Êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ ω̃(m)(x, y, t) åñòü ðåøåíèå óðàâíåíèÿ

ω̃(m)(x, y, t) =
h(y)

4
θ(x− |t|)

[ x+t
2∫

0

q(ξ, y)dξ +

x−t
2∫

0

q(ξ, y)dξ

]
+

+
1

2

∫
∆(x,y,t)

∫
q(ξ, y)ω̃(ξ, y, τ)dξdτ, x > 0. (13)

×òîáû âû÷èñëèòü ω̃(m)(x, y, x− 0), â (13) íàäî ïîëîæèòü t = x, òîãäà

x−t
2∫

0

q(ξ, y)dξ = 0

è ∫
∆(x,y,t)

∫
q(ξ, y)ω̃(ξ, y, τ)dξdτ = 0,

ò.ê. ∆(x, y, t) ïðåâðàùàåòñÿ â îòðåçîê ïðè êàæäîì ôèêñèðîâàííîì y.

Òàêèì îáðàçîì,

ω̃(m)(x, y, x− 0) =
h(y)

4

x∫
0

q(ξ, y)dξ, x > 0. (14)

Ïðîäîëæèì íå÷åòíûì îáðàçîì ôóíêöèè u(k)(x, y, t) è f (k)(y, t) ïî ïå-
ðåìåííîé t.

Î÷åâèäíî, ÷òî

u(k)(x, y, t) =

∫
R

f (k)(y, s)ω(m)(x, y, t− s)ds =

=

∫
R

( ∞∑
m=1

f (k)
m (t)eimy

)
ω(m)(x, y, t− s)ds =
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∫
R

( ∞∑
m=1

f (k)
m (t− s)eimy

)
ω(m)(x, y, s)ds =

=

∫
R

∞∑
m=1

f (k)
m (t− s)ω(m)(x, y, s)ds

ïðè x > 0, y ∈ R è k ∈ Z. Çäåñü f
(k)
m (t) � êîýôôèöèåíòû Ôóðüå ôóíêöèè

f
(k)
m (y, t) ïðè ω(m) = eimyδ(t):

u(k)(0, y, t) =

∫
R

f (k)(y, s)ω(m)(0, y, s)ds =

∫
R

f (k)(y, s)eimyδ(t− s)ds =

=

∫
R

( ∞∑
m=1

f (k)
m (s)eimy

)
eimyδ(t− s)ds =

∫
R

f (k)
m (s)δ(t− s) = f (k)

m .

Â óðàâíåíèè (1) îáðàòíîé çàäà÷è (1)�(4) âûðàæåíèå q · u çàïèøåì ñëå-
äóþùèì îáðàçîì:

q · u =
∞∑

j=−∞
bje

ijy,

q(x, y) · uk(x, y, t) =
∫
R

( ∞∑
j=−∞

bj(t)e
ijy

)
ω(m)(x, y, t− s)ds =

=

∫
R

∞∑
m=1

bj(t− s)ω(m)(x, y, s)ds.

Ðåøåíèå çàäà÷è (1), (4) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(k)(x, y, t) =

∫
R

∞∑
m=1

f (k)
m (t− s)ω(m)(x, y, s)ds. (15)

Èñïîëüçóÿ (6), ïîëó÷èì

u(k)(x, y, t) =

∫
R

∞∑
m=1

f (k)
m (t− s){eimy(δ(x+ t) + δ(x− t))}+ ω̃(m)(x, y, s)ds.
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Ïðåîáðàçóåì ôîðìóëó (15):

u(k)(x, y, t) =
1

2

[
f (k)(y, t+x)+f (k)(y, t−x)

]
+

x∫
−x

∞∑
m=1

f (k)
m (t−s)ω̃(m)(x, y, s)ds.

Ïðè x > |t| èìååì

1

2

[
f (k)(y, t+ x) + f (k)(y, t− x)

]
+

x∫
−x

∞∑
m=1

f (k)
m (t− s)ω̃(m)(x, y, s)ds = 0. (16)

Ïðè êàæäîì ôèêñèðîâàííîì x > 0 ñîîòíîøåíèå (16) ÿâëÿåòñÿ èí-
òåãðàëüíûì óðàâíåíèåì Ãåëüôàíäà-Ëåâèòàíà ïåðâîãî ðîäà îòíîñèòåëüíî
ôóíêöèè ω̃(m)(x, y, t), t ∈ (−x, x).

Ïîñëå äèñêðåòèçàöèè óðàâíåíèÿ íà ñåòêå è àïïðîêñèìàöèè èíòåãðàëü-
íîãî îïåðàòîðà ïî êàäðàòóðíûì ôîðìóëàì çàäà÷à (16) ñâîäèòñÿ ê ðåøå-
íèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) ñ ñèììåòðè÷-
íîé ìàòðèöåé. Òàê êàê óðàâíåíèå (16) îòíîñèòñÿ ê êëàññó íåêîððåêòíî
ïîñòàâëåííûõ çàäà÷, òî ÑËÀÓ, âîçíèêàþùàÿ â ðåçóëüòàòå äèñêðåòèçàöèè
óðàâíåíèÿ, ÿâëÿåòñÿ ïëîõî îáóñëîâëåííîé è ïðåîáðàçóåòñÿ ê âèäó

f (k)
γ (µE +A(k))ω̃ = f (k)

γ

ãäå µ � ïàðàìåòð ðåãóëÿðèçàöèè.
Äëÿ ðåøåíèÿ óðàâíåíèÿ (17) èñïîëüçóþòñÿ ïðÿìîé ìåòîä êâàäðàòíîãî

êîðíÿ è èòåðàöèîííûå ìåòîäû ðåãóëÿðèçàöèè. ×èñëåííàÿ ðåàëèçàöèÿ è
ðàñïàðàëëåëèâàíèå èòåðàöèîííûõ ìåòîäîâ è ìåòîäà êâàäðàòíîãî êîðíÿ
äëÿ ðåøåíèÿ äâóìåðíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è âûïîëíåíû ñ
ïîìîùüþ áèáëèîòåêè MPI íà ÿçûêå Ôîðòðàí.

Ðàñïàðàëëåëèâàíèå èòåðàöèîííûõ ìåòîäîâ ãðàäèåíòíîãî òèïà [4] îñíî-
âàíî íà ðàçáèåíèè ìàòðèöû A(k) ãîðèçîíòàëüíûìè ïîëîñàìè íà m áëîêîâ,

à âåêòîðà ðåøåíèÿ z è âåêòîðîâ ïðàâîé ÷àñòè f
(k)
γ ÑËÀÓ � íà m ÷àñòåé

òàê, ÷òî n = m × L , ãäå n � ðàçìåðíîñòü ñèñòåìû óðàâíåíèé, m � ÷èñëî
ïðîöåññîðîâ, L � ÷èñëî ñòðîê ìàòðèöû â áëîêå.

Ðàñïàðàëëåëèâàíèå ìåòîäà êâàäðàòíîãî êîðíÿ, ïðåäëîæåííîãî â ðàáî-

òå [5]. Ìàòðèöà A(k) ðàçáèâàåòñÿ âåðòèêàëüíûìè ëèíèÿìè íà m áëîêîâ.
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Äèàãîíàëüíûå ýëåìåíòû òðåóãîëüíîé ìàòðèöû S. Îáðàòíûé õîä ìåòîäà
êâàäðàòíîãî êîðíÿ (íàõîæäåíèÿ ÑËÀÓ) ïî ðåêóððåíòíûì ôîðìóëàì òàê-
æå âûïîëíÿåòñÿ íà îäíîì ïðîöåññîðå.
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Temirbekova L.N. PARALLEL ALGORITHMS FOR SOLVING
MULTIDIMENSIONAL COEFFICIENT INVERSE PROBLEM FOR
HYPERBOLIC EQUATIONS

In this article we used parallel direct and iterative algorithms to solve two-
dimensional coe�cient inverse problem for hyperbolic equation.
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